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(Jt-eceh cd N'ov(nilyr S, 19631)

T is palwr, %%loch is a1 .001111 ii:ttiol~l of two eat-tier papers of ti Saittie titll(, coritaittls

,iilwittieal veslilts fi~r tlic fivld :itoional itear a coastlinev when thlt sitrfae, jitupedaice cltatnges
a linear 11nalu1ier lietwie 1i landandzu sca. TfIt0 earlier resuilts for ant abrutpt bomndary are

recu%,r. rd as thA. Nxjdtlt of the transition region is reducled tol zero. fit general, it is found

tha:t ti4e liaract'ristics, of Ott, Iratisitioti ri-gilut %vill i14)1 prodiate signifiviant unodificationts of
treantiismitited iheld. Ilowe1cer, the. inagnilludo- of the( relleeted fi-hi is greatly reduced as

the, width of thek transition zohm- i iiicreasisl bo-vnid ahouit otte-qitarter wavelength.

1. Introduction ilirpedlarre of the( litirl is Z While that of tile seat is
IZ'. 'Ilte situatitolt is illustrated inl figuire I where the(Itit part I ýWait 1 9631 of a series of papers of this totirWt I 11-Nv sf ito flit-in (r~i ul Iwino o4 ( 'c!fin voor-

tite, li prputatri f ioro1~ac5zietis iitlit ifiate system an1d thle' coastl4ine is titt x ý0
l-vill rig4)s t ii e wasit 11veisligio edl t I eoret icallv. In 1

part 1 INait a .T Jckson, 196:11, the irtfluervce of all
ptevtr11['iti ll 0111 )(ivbtw~evitt liltiti tttl sel wits col 3. Statement of Formulas
sideredf. It is tilie puripose of thle prUesenit paper M0
contilerttiott thle flat-Icing (oust lite but withI specinti (ýtiot ittg_ froin part 1, thle workin- formula for the

atn ion ivetl to :t tiotittlttupt vntiatiolt of tile tittit~tti 1 untewce itirentienit.A-,i yier bv
condiucti vt v litt thle Coastlinte. ~ o

As ittlicatet~i ill partt 1, thle assuttipt lol tf sttliWlet I - at '- A'x)
chane ofeletrical proptlert ies gives rise to I til 11)11 - , 2 JM "

ecit sitiu'irlairitv of tilt, fieldl ril"i t at tlie ('ol1 istie.i ItXll [A(td d,(I
is shtownt ill whatt follows thant I lie 'sitti-1u11it'itv' is niot te'
present witeji liv ,ittsrfajce iittpedl~trtce (.11111ttg\"-here
unial at tile jtitctiont or coas'thle. (t)=Z-)n,

2. Formulation HI~ is the Ilatikel. function of ordler zero of the
('econd kind.

The rtto(lel is tilie stitite its t hat usedI itlpat 1 . Thel -- cos o., k. 21rwavveiitt-th,
essential featli- ta'stre rle'ýcrihevd brietlv here. The I, -shortest diistatnce froin coastline to B (positive if

tratsnit iig i t er iii A lotieilot th lndisit B is over sea tatd inegtitve if B is over land),
,great lis~tanrce fromthtle cozistitte. For presenit purt
poses. it is only tiecesstir\ to ass~um~e thatt A is iti source kni.tr frttailh, e s chosen to be sufficierntly large that
of '-erticidll poltarizedl grourid(w11ve,. The receiN ling /(z) '-0 fol, X< - E
antennair, 11, is rehittively near t he cotistlitne hut it mta' *~ vor- purposes of the prtesentt paiper, somte further
be onl tiresea. It is further itssultedl that B is equivat- stimplifications mlay be ma11de. M;pecilieidlv, it is-
lent to all irtfjnitesitnitl vertIieiil dIipole. ltrtd thtus it rioted thritt
resjTonds only to the viertical ('lect tic fieldl. f) -0(> (2)i

1'roil ('ottstilerlittiott of recilprocity, it is clheir lt hat
thle role of t ranirsrit ter till([ ni'ieviver 111iv he in ter- where .1()X) is approximately it real positive quantity L

changed. Ti , il erieri, it is mrost imtetruinrgful to whose titait~itudeI is Smatll o CnltpitrC with unity (e.g.,
express the results itt termis of itiutuiri unpedarttee A,0.) For examiple, tit sufficiently laurge positt've
z.+AZ., between the respective ter, ninal pauirs of values of X,
antenrnas A an1d( B. Hlere Z.~ is thle mlUt'llit impedanlce
if tile surittee itlrpe(litite were IL con1s411tan Z for all ) 112 )1/

points of the earth's surfirce. Th'Ius, 1Z., is the Ai~ \ 2 ± W + i it,('
modificaeiowt of thke in ullial innpethtnee whtichi results
front tile presenice of tile irthotriogerteity of surfacee _G_!0- /' 0 -W lfi (
inipedanee Z'. Ili the presenmt problem, the surftace +'c I C(3 a i
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Y tiilite trUi1nsit ion regi) l, of widt h I! , where 4A,(.r) vai'ircs

il Ut linear flutliluer. Thus

SICOAST-LINE Wo(0) =0 for x

[x-I+ ((1,,,2) 1ý
(2) (Z) -... ~ for --d,,,<.2 /,, '2,

LAND 1 SEA -A for x>d1,2. (5)

e... B With this ,model, the surface impedance is inagiiined
- - to change in a linear niantier over the distance 11,, as

indicated inl figure lb.
I To simnilifv tfle coniputittional problem, certatin

Slillensonl ess quantities tre int roduced as follows

a k Ctx, at = k( ,,d,, 1) - k(',flo,
Fl; -, to, I'[,,tý Ici', o I theu earth's setrf ice'lTd Ii .rafingr

,,,.lth ,,,, ,cth z finire trmasition zone !,etwe'ee in nd 10 ad sea. and l)o ID/(, kel,. Then h, it easilv follows thiit tn

nyiv be written in tile form

AOOSI;
Swherte, ill tile case ol ik fililtkir varintioln,

G-1() for a." -1) 2,
x dg- x _do

2 2 a-' t 1) 2)t[ foi- -PD 2-_a-ý '2,
D

...I fora-- D,2. (7)

G(a) "l'h e ,

Si(; 1 I',:)" --) 2 .'a--1 2. '

____ _______ _-_ ) 40'r-- I)2 ty. 1) 2 'e1 i

a a D al1 in li(1 1t(,d in ji,,iIre Ic whI ere h ir plotted verl',ý af.
2 2 b T hell 1' t lll i hlp('d;,t1 vc 41 o '1111111 11:1%N- b),c O l(5s

"Iai I' lb, 'e. The linou,"r .surfi'i eepetleur I'rie 1AAioiA.

where ao and , are the conductivitv and perniitti\xi it V
of the land and a' and E' are the coniductivitv any.(1 where
permittivitv of the sea. In most cases of prnictic;dl
interest, w is sufficiently low and a' is sulticientlYv .. 1,
large that (Wil 1 ,,,, I1,, --a, kl'/a, (10)n, ( / )/ (4) 21)

which is real. Mid

4. Linear Variation of Surface Impedance Q2 e--c", I-- "'-a-al J-2 PI

In part I, it was assumed that AL(x) was a step
function at x=O corresponding to an abrupt bound- + ,I, __," a-a,'- a .(11)
ary. Here it is desirable to allow .,,(x) to have ia
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To effect these integ.rations, it is desirable to 11 0.3 ...
use of the following two identities:

0.2

and
2 2

[ XI't;'L 1 - XH x ) r (1p*X)II)(JX)] =.)-Ie±Hi;x(,i2), W

010 -.2.

whtere Upper (or lower) signs are to be considered 3 5

together. In verifying these identities, it is neces-
sar- to employ two well-known relations in Bessel
function theory [.MacLachlan, 19341. These are

ff2 ) ( Xr) = - 12' (X), (14) -06 -15 - 0 - 10 5 20

and a,

It is nlow apparent that .. z ma, y , le expressed
entirely in terms of Hlankel functions of order zero 0.1- 30
and one, with various real arguments. Using such o
expressions, curves of the real and imaginary parts E• 0.4,
of Q have been prepared. Some of these are shown I 0
in figures 2a to sb where, in each case, the abscissa 0.4- .
is the parameter a, or kCd,.

For purposes of discussion, it is convenient to de- 0 ---

scribe Q as the field anomaly resulting from the
inhnimogemitv. In view of the relation -0.21 . .. _____ _______

"-20 --5 -iO -5 0 5 [i 15 2
AZ.n a,--5¢ [Re Q+i Inn Q1. (16)
Zmn FiUcRE 2. The real and the imaginary parts of Q as a function

of a, or KC, d, where di is the distance from the coastline.

it is evident, for AL real, that Re Q is a measure of the
amplitude change of the field where hn Q is it measn- seen in figure 1, the field is beginning to have a singu-
ure of the phase. While the results are still valid if lar behavior for the smalest value of D, (i.e., 1) whlich
A0 is complex, the above simple interpretation is not is very similar to the corresponding curves given in
applicable. Also, it should be remembered that under part I for the abrupt boundary (i.e., D= 0).
all conditions, ~zm/z.(«<I or A « 1, if the pres, The curves in figures 3a and 3b for 00= 2 0° are very
ent results are to be given ainy confidence, similar to those in figures 2a and 2b for 0o= 0 '. Evi-

dently, a slight obliquity in the traverse across the
5. Discussion of Numerical Results coastline does not modify noticeably the field be-

havior. However, for niore oblique conditions, the
The curves in figures 2a and 2b are applicable to curves in figures 4a, 4b, 5a, and 5b for 0,=40' and 50'

normal incidence. The sinusoidal-like ripples for indicate that significant modifications take place for
negative values of a, mnay be regarded as an interfer- angles in this range. Principally, it is noted that
ence pattern resulting roim the combination of the when 0, is in the vicinitv of 45' the reflected wave is
incident wave and the reflected wave. It is apparent greatly reduced in magnitude. This effect was also
that, as the electrical width D0 of the transition zone present in the case of an abrupt boundary.
is increased, the magnitude of the reflected wave is The curves in figures 5a to Sb illustrate the be-
generally decreased. On the other hand, the char- havior of the field anomaly for rather highly oblique
acteristics of the trai.imittod wave, for large positive angles. Again, as in the case of the abrupt boundamr,
values ofat, are not appreciably modified. However, the reflected wave is quite strong. Furtherniore, the
it may be observed that in the proximity of the coast. magnitude of the reflected wave' is not appreciably
line, the nature of the field isproloundly influenced by reduced when D0 is inrcrased from 1 to 5. However,
the width of the transition region. fn general, the in nearly all angles 0, the behavior of the transmitted
rapid variations of the field are smoothed out when field is not appreciably modified by changes in the
the transition distance DO is increased. As may be width of the transition zone.
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a,

Fi-R;'a 3. The real arnd the imaginary parts of Q as a function
of a, or KCI dt, where d, is the distance front the coastline. 0.r . .. . . ..... .

0 D- 0 !

i ~5,
-r0.1. -.

Trhe relative insenwziivitv of the Q versus al curves,

at highly oblique angles, to variations in l),is reninis- -02.
cent of the reflection of waves from horizont allyv
stratified media [Wait, 1962]. In the latter case it is -- - -..- L0 5 I IS 20

known that the influence of diffusiveness or non- 20 -10 -5

sharpness of the boundary is minimized at highly

oblique incidence. 1.o0 .. .... .. 1 . - - - -. .1.0

6. Conclusions 0.8 5e 6.0

The results given in this paper wouhl seem to shed 0.6 5.0

considerable light on the nature of the vertical elec- :,
tric field near the boundary of separation. The g 0.4 oo ,

singularly or infinite behavior of the field obtained _

in earlier studies, is not present when the surface 0.2 3.0

impedance changes gradually between the lPnd and 5- 3

sea portions. However, as the transition zone is 0 2A

diminished the field becomes rapidly varying in the
vicinity of the coastline and becomes very similar to . . -0 -5 0 5 1 20. 10

the predicted behavior for an abrupt boundary. A

conclusion similar to this was arrived at by Godzinski a,

[1962] whose analysis communicated to mne in outline F,,,,, 5. The real and the imaginary parts of Q as a function

was restriet-e to normal incidence (i.e., Oa=O.) f -1 or KOC dr wherc d, i, 'he distance from the c astline.j294
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